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Abstract 



It was shown by Connes, Douglas, Schwarz [1] that one can com- 
. pactify M(atrix) theory on noncommutative torus Te. We prove that 

compactifications on Morita equivalent tori are in some sense physically 
equivalent. This statement can be considered as a generalization of non- 
' classical SL{2, Z)Ar-duality conjectured in [1] for compactifications on two- 

dimensional noncommutative tori. 

> 

'nI" ■ 1 Introduction, 

cn ■ 

' Methods of noncommutative geometry have important applications to M(atrix) 

, theory. First application of this kind was given in [1] , where these methods were 

' used to describe a new type of toroidal compactifications of M(atrix) theory. 

^\ , Later such compactifications (compactifications on noncommutative tori) were 

studied in numerous papers (see for example [2]). 

In present paper we apply to physics the notion of Morita equivalence of al- 
^ ' gebras that plays very significant role in noncommutative geometry. Namely, we 

O , prove that the consideration of Morita equivalent noncommutative tori leads to 

' a kind of duality of compactifications of M(atrix) theory that generalizes non- 

classical SL(2, Z)^-duality conjectured in [1] for two-dimensional case. Our 
analysis of this duality is based on mathematical results about Morita equiva- 
lence of multidimensional noncommutative tori obtained in the paper [3] and in 
■ this paper. 

We work in the framework of IKKT M(atrix) theory [9]; however by means 
of Wick rotation one can obtain corresponding results in BFSS M(atrix) model 
[8]. 

Our main results are as follows. We show that compactifications on n- 
dimensional noncommutative tori Tg and are physically equivalent if antisym- 
metric matrices 9 and 9 are related by the formula 9 = g9 = {A9 + B){C9 + D)~^ 
where the block matrix g consisting of n x n matrices A, B, C, D belongs to the 
group SO{n,n\Z). "Vector bundles" (projective modules) over noncommuta- 
tive tori (as well as vector bundles over commutative tori) can be described by 
means of integer valued antisymmetric tensors of even rank, i.e. by even integer 
elements of fermionic Fock space. Physically equivalent "vector bundles" over 
Tg and Tgg are related by linear canonical transformation in fermionic Fock 
space; this transformation corresponds to g £ SO{n,n\Z). We can consider the 
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space of " vector bundles" over all noncommutative tori; this is a total space 
of a fibration with a discrete fibre and a base consisting of all antisymmetric 
n X n matrices 6 . It follows from our results that monodromy in this fibration 
generates physical equivalence of "vector bundles". 

In [4] we constructed noncommutative instantons in M'^ and formulated a 
generalization of Nahm duality for instantons on four-dimensional noncommu- 
tative torus (see [5] for details). It is mentioned in[4] that Nahm duality is 
related to Morita equivalence; we are planning to return to this relation later. 

The results of noncommutative geometry that we use are explained in the 
paper. The reader willing to learn more about these results can find necessary 
information in Connes' book [6] and in papers [7]. 

Appendix contains some information about JC-theory and remarks about 
relation of if-thcory to matrix models. It is well known that in Af-theory one 
should consider not only vector bundles, but also more general objects; it seems 
that our remarks give an explanation of this fact. 

2 Basic notions. 

Let us consider a pre- C*-algebra A (i.e. an associative algebra over complex 
numbers with a norm || || and antilinear involution * obeying the condition [xy)* 
= y*x\\\xx* 11 = 11 X f). 

Let S be a right A-module equipped with ^-valued inner product < ^, > 
that obeys < ^,T/a >=< ^,77 > a, < ^, 77 >* = < 77,^ >, < ^.^ > is a positive 
element of A. (Here £,,r] € E, a G A.) Such a module is called a pre-C*- 
module. C*-algebras and C*-modules are defined as complete pre-C*-algebras 
and pre- C*-modules. We will work with these objects taking completions of 
pre-C*-algebras and modules if necessary. 

It follows from the definition of inner product that the expression /(jy) =< 
^, 77 > is an A -linear map from E into A . We will assiime that every A -linear 
map from E into A can be represented in this form. An endomorphism of a 
C*-module E is by definition an ^-linear map T : E —>■ E having an adjoint 
map T* (i.c.T(^a) = T(C) • a, < i,Tr] >=< r*^,?? >, where C,r] e E, a e A). 
One can check that the algebra End^i? of endomorphisms of is a C*-algebra 
with respect to the operator norm and involution T ^T*. 

If is a finitely generated free module ^" (direct sum of n copies of A), 
then endomorphisms can be identified with n x n matrices with entries from A. 

In what follows A always stands for a C* -algebra having a unit. We will 
consider only finitely generated projective C* - modules (i.e. ^-modules that can 
be represented as direct summands in free modules A"). Then an endomorphism 
of an ^-module E can be defined as any map T : E ^ E obeying T(^a) = T{^)a; 
the condition that T* exists is satisfied automatically. 

By definition a C*-algebra B is (strongly) Morita equivalent to the C*- 
algebra A if it is isomorphic to the algebra End aE for some full module E. 
(One says that E is full if the linear span of the range of inner product < ^,r] > 
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is dense in A. Then one can prove that this hnear span coincides with E . For 
important case when A is a noncommutative torus ah modules are fuU.) 

There exists another definition of Morita equivalence that is less constructive, 
but much more useful in theoretic considerations. Let us consider two C*- 
algebras A, A and an (A, A)-bimodule P. In other words we assume that the 
elements of P can be multiplied by elements of A from the left and by elements 
of A from the right, that (a^)a = a(^a) ioY a <E A, a <E A, E P and that P 
with these operations can be considered as a left A-module and right A-module. 
As an ^-module P can be equipped with A- valued inner priduct <,>a', as an 
yl-module it can be equipped by yl- valued inner product <, we require that 

<^,V>aC = ^<V,C>A- (1) 

We say that P is an {A, A)-equivalence bimodule if the linear span of the 
range of A- valued inner product<, >^ is dense in A and the linear span of the 
range of A- valued inner product <, >^ is dense in A. 

One says that A and A are Morita equivalent if there exists an {A, A)- 
equivalencc bimodule P. To relate this definition to the definition above we 
notice that the algebra End^P of endomorphisms of P considered as A- module 
is isomorphic to A. Conversely, every full right A- module E can be considered 
as (End^i?, A)- equivalence bimodule. 

If is a right A-module and P is an {A, A) equivalence bimodule we define 
a right A-module E by the formula 



E = E®aP- (2) 

Here the symbol ^^denotes the tensor product over A. (One can obtain 
E ®A P from the standard tensor product over C by means of identification 
(Co) ® T] {o-f])- Multiplication by a e A in is defined by the formula 

(C ® T])a = ^ (8) (r/a); this definition is compatible with the above identification.) 

If P is an (A, yi)-bimodule then complex conjugate linear space P can be 
considered as {A, A)-bimodule. (We use formulas ax = xa* and xa = a*x to 
define the multiplication on o e A and a € A in P.) In the case when P is 
an {A, A) equivalence bimodule, one can prove that P is an {A, A) equivalence 
bimodule. Using P we can assign j4-module to every ^-module; it is easy to 
prove that this operation is inverse to the correspondence E ^ E and there- 
fore the correspondence E ^ E can be used to identify equivalence classes of 
A-modules and equivalence classes of A-modules. The proof is based on the 
relation P (g)^ P = A where A is considered as an {A, A)-bimodule. 

It follows immediately from the definition that to every endomorphism a GEnd aE 
one can assign an endomorphism a GEnd^E as a map «:£'—>£' induced by a 
map a®l : E (E)c P ^ E P- (Moreover, one can say that the correspondence 
E ^ E can be considered as equivalence of the category A-modules and the 
category A-modules.) 
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If an algebra A is equipped with a trace Tr^i then using inner products in 
{A, A)-equivalent bimodule P we can introduce a trace in A by the formula 

Tr 4 <^,r?>4=TV a<V,^>a (3) 

where ^,ri £ P. (Recall that linear span of inner products < ^, 77 > is dense in 
A by assumption and , moreover, one can prove , that it coincides with A .) 
Similarly one can define a trace of endomorphism a eEnd^i^; one can prove 
that 

Tra = Tra. (4) 

Notice that in the case when the trace on A is normalized (i.e. Tr 1 = 1) the 

corresponding trace on End^i;^ is not necessarilly normalized; its value on unit 
element is the dimension of A-module E. (One can consider this statement as 
a definition of dim E) . 

Let us fix a homomorphism of a Lie group L into the group of automor- 
phisms of A. It generates a homomorphism of a Lie algebra L into Lie algebra 
of derivations (infinitesimal automorphisms) of A. The derivation of A corre- 
sponding to X e L will be denoted by 5x'- derivations corresponding to the 
elements of a basis of L will be denoted by 5i, ...,5n- 

Using the Lie algebra L we can define a connection in an ^-module E as & 
set of linear operators Vi, V„ acting on E and obeying the Leibnitz rule: 

Va(^a) = (VaOa + ^^c«a. (5) 

Sometimes it is convenient to define connection by means of operators Vjc that 
depend linearly on X & L and obey 

S7x{ia) = {WxOa + ^5xa (6) 

We will always consider Hermitian connections (i.e. the operator should be 
antiHermitian with respect to inner product in E: < Va^, r] > + < ^, VaV >= 

The curvature F of connection is a 2-form 

i^xF = [Vx,Vy] - V[x,Y]. (7) 

This form is defined on the Lie algebra L and takes values in FiIkIaE. 

To work with connections in rigorous way one should consider instead of 
the algebra A its dense subset consisting of elements that are smooth with 
respect to the action of the Lie group L on A. In similar way one should replace 
an A-module E with its "smooth part" E°°. 

3 Noncommutative tori. 

By definition, an n-dimensional noncommutative torus is an associative algebra 
with involution having unitary generators Ui,...,Un obeying 
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[/feC/j =e2"*«'=^C/jt/fe (8) 

Notice that different matrices 9jk can determine isomorphic algebras; in par- 
ticular replacing 6jk by 9jk + rijk where njk S Z, we obtain the same commuta- 
tion relations and therefore the same noncommutative torus. In two-dimensional 
case we consider in the notation Tg as a number (two-dimensional antisym- 
metric matrix is determined by one number = 9i2, therefore we can identify 
the matrix with this number). 

One can check that the numbers 9 and 9 determine Morita equivalent two- 
dimensional tori if 

9 = {A9 + B){C9 + (9) 
where A,B,C,D are integers and the matrix 



A B 
C D 



(10) 



has determinant 1. Similar statement is correct for multidimensional tori [3], 
however in this case one should assume that A, B, C, D are nxn matrices with 
integer entries obeying 

A*C + C*A = B*D + D*B = 0,A*D + C*B = 1 (11) 

where * denotes transpose. 

The noncommutative torus Tg can be considered as an algebra of formal 
expressions 

^CxC/x (12) 
where X runs over a lattice £> c K", 

UxUY = e'''^''-Ux+Y (13) 

i^XY is a bilinear form on D and C/|- = U^^ = U-x- (By definition a discrete 
subgroup D of vector space V is a lattice if V/D is compact.) It is convenient 
to assume that the coefficients Cx belong to the Schwartz space <S, i.e. that 
they vanish at infinity faster than any power. This assumption corresponds to 
consideration of the "smooth part" Tg° of the torus Tg. It is easy to check that 

UxUy = e^'^'^^'' UyUx (14) 

where 9xy = i'&XY — '&yx ) /2 ; therefore operators Uj = Ue^ where ei , . . . , e„ is a 
lattice basis obey (8) with 9jk = 9ej ,6^ ; this remark relates the new description 
of Tg with the old one. 

If we represent an element of Tg by means of a complex- valued function Cx 
on the lattice D then the multiplication in Tg can be specified by the formula 

{C*C')x = e^'^^^'^'-^CYdx-Y- (15) 

Y^D 
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Instead of Cx wc can consider its "Fourier transform" -a function on the 
torus (R")7D* defined as 

/(O = E Cxe''''^'' (16) 

Here D* is a lattice dual to D. It consists of such points ^ G (M")* that is 
an integer for ail X G D. We can regard noncommutativc torus Tg as quantum 
deformation of commutative torus (R")*/_D*. The multiplication of functions 
/, / on (R")*/D*, considered as elements of Tg, is given by the formula: 

{f*fm = {e "'''^/(0/(OW (17) 

Corresponding commutator can be identified with Moyal bracket. 

One can define a trace on the algebra Tg assigning to an element, represented 
by a function Cx on the lattice, the value of this function at X = . The trace, 
defined by means of this construction is unique ( up to a factor). 

To construct a module over Tg we should find a Hilbert space Ti and unitary 
operators Ux on Ti obeying (14). Let us work with right modules and use the 
notation SJJx where ^ G W. To introduce a structure of C*-module in Ti. we 
should define a T^i-valued inner product < , > starting with C-valued inner 
product ( , ). This can be done by means of the formula 

Under certain assumptions about convergence of the series in (18) it is easy 
to check that the inner product < , > satisfies the conditions in the definition 
of C* -module. It is more difficult to formulate easily verifiable conditions of 
projectivity of the module. ( The most convenient way to prove projectivity is 
to check that the unit operator can be represented as an endomorphism of finite 
rank, i.e. as an operator defined by the formula x ^ ^ < x > rj^ ) . 

The situation in the case of left modules is the same. (Every left T^i-module 
can be considered as a right T-e-module.) 

Examples of Tij-modules can be obtained in the following way. Let us define 
operators f/^Ty in the space E = L^(M") by the formula: 

(;7^r7/)(^) = e2"^^/(X + 7). (19) 

Here 7 e IR",7 € (M")*. It easy to check that 

t^7r7t^ArA = ^"^'"'^7+A,7+v (20) 
Using this relation one can construct a left Tg-module Er by means of op- 
erators U^;^ where (7,7) G L c F = M" + (M")* and T is a lattice in V. (The 
requirement that F be a lattice is necessary to prove that Ey- is a projective^mod- 
ule.) It follows from (20) that the operators 1/7,7, A' 'w^li^re (7,7), (A, A) G F 
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obey (14) with ~^ = -yA — A7, and therefore specify a module over non- 
commutative torus. ( More precisely, to define -valued inner product we 
should restrict the class of functions taking only functions from the Schwartz 

class 5'(K").) 

Let us define the lattice F* as a group of all {/j, /i) e M" + (M")*obeying the 
condition 

- e (21) 

It is easy to check that every operator Uij,^jx where {/j., Ji.) G T* commutes with 
all operators 11^^^ where (7,7) G F. One can prove that every endomorphism 
of Er belongs to the closure ( for the C* -norm ) of the linear span of J7^.^ 
where (/x,/!) G F*. This means that EndTgEp can be identified with the torus 
T^, where = —JIv + i'iJ, is a bilinear form on F*. The torus is Morita 

equivalent to Tg. The space S'(M") considered as a left Tg-mobile Er and a right 
Tg-mobile Er* is a (Tgi, r^)-equivalence bimodule; we will denote this bimodule 
by Pr,r* • 

The above construction can be generalized in the following way. Let us 
consider instead of any abelian group G that can be represented as a direct 
sum of M" and finitely generated abelian group G (in other words G is a 
direct sum of several copies of Z and finite cyclic groups Z^). Then we can 
consider operators {U^^^f){x) = e^"^(^)/(x + 7) where a; S G, 7 e G,7 e G*. 
Here G* stand for the group of characters of G (i.e. a group of continuous 
homomorphisms of G into the group if = R/Z). 

Every lattice F C G x G* determines a module over noncommutative torus. 
Endomorphisms of this module can be described by means of dual lattice F*, 
that consists of elements (/x, /u) e G x G* obeying the condition 

M7- 7/^ = (22) 

for all (7,7) G F. (Notice that Ji-f = ^(7) and 'jii — 7(^) are considered as 
elements oiK = R/Z). 

In particular, for two-dimensional noncommutative torus Tg we can take 
G = K X Zg and a lattice Tp^q spanned by elements (7i, 7i). (72; 72) where 
7i = (0,-p),72 = (1,0), 7i - (p/<Z-^^,0),72 - (0,-1). (Wc'consider Z, as 
Z/qZ and identify G* with R x Zg.) Corresponding T^i-module will be denoted 
by Ep^g. (Here p e Z, g e Z.) 

Let us consider as an example the case when the lattice F C R^ is spanned 
by the vectors (1, 0), (0, 9 + n) where n G Z,9 €M.. The lattice F* is spanned by 
vectors (1, 0) and (0, {9 + n)~^). We obtain that two-dimensional tori Tg and 
"^(e+n)-! sre Morita equivalent. (Recall that the tori Tg and Tg^n coincide.) We 
will analyze the relation between T^-modules and r(g_|_„)-i -modules that stems 
from Morita equivalence between Tg and T(j(+„)-i . 

To every pair (p, q) of integers we assigned a Tfj-module Ep^gi if 9 is irrational 
we obtain a one- to one correspondence between pairs (p, q) € 1? obeying p—g0 > 
and (classes of projective ) modules. It follows from our general results (see 
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Sec. 5) that T(g_|_„)-i -module related to Tg-module Ep^g corresponds to the pair 

{-q,-{p + qn)). 

We will give now a direct proof of this result for the case of the module 
Ep^i. Such a module can be described as a right module Er corresponding to 
a lattice Fp^i spanned by (1,0), (0,6* + p). The tensor product £^rp,i <8)c -Pr,r* 
can be regarded as a space of functions f{x,y) depending on two variables 
should identify f{x + l,y) with f{x,y + 1) and x £ R, y G R. To obtain 
E = Er^ ^ Pr,r' wee-2'^^(«+P)^/(a;, y) with e^'^'^^+'^^y f{x,y). It is easier to 
describe the dual space E* that consists of generalized functions g{x, y) obeying 

g{x + l,y)=g{x,y + l) (23) 

^-2^i(e+p)xg^^^ y) = e2'^'(^+")^.g(x, y) (24) 

One can check that an element of E* (a solution to (23), (24)) can be repre- 
sented in the form 

9{x,y) = Y^5 {0{x + y)+px + ny- k)gu {x + y) (25) 
fe 

where gk{x) = gk+{p+n){x)- In other words we can identiiy elements of {E)* with 

functions on R x Zp+„. By definition the action of T^g^^-j-i on E is induced by 
the action of on Pr,r*- This means that we should consider operators 

on E ®c Pr,r* that transform f{x,y) into f{x,y+ 1) and e'^'''^^+'^^~'y f{x,y) 
respectively. These operators induce operators on E and on (E)*. It is easy to 
describe explicitly the induced operators on (E)* . It follows from this descrip- 
tion that T(0_|_„)-i -module E corresponds to a pair (—1, —{p + n)). 

4 Compactifications of M(atrix) theory. 

Let us consider the case when the C*-algebra A has a trace Tr and L is a 
ten-dimensional commutative Lie algebra, equipped with inner product ( , ). 

Let us fix an orthonormal basis in L with respect to this inner product. Then 
for every ^-module E we can define a functional / by the formula 

7 = 5]TrF„2^ + 2^TV*T«.[Va,*^] (26) 

Here Fai3 are components of the curvature tensor of connection Va with 
respect to the orthonormal basis in L and i = 1,...,16 are elements of 
HEndA-E, where 11 stands for parity reversing. The symbol Fg- denotes ten- 
dimensional Dirac matrices. 

We consider 7 as a functional on Conn x (11 EndA-E (gi S) where Conn stands 
for the space of all Hermitian connections on E and S is the space of Weyl 
spinors. 
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In the case when A is the algebra of complex numbers, E = is an A'^- 
dimensional vector space (free module) and the algebra L acts trivially on C 
one can identify (26) with the action functional of IKKT matrix model. 

In the case when ^ is a noncommutative torus one can consider (26) as an 
action functional of toroidal compactification of IKKT M(atrix) theory; this 
fact follows from the results of [1]. To verify this statement we notice that the 
relations (8) remain correct if we replace Uk with Uk = ^kUk where | |= 1. 
This means that we can consider an n-dimensional Lie algebra Le of derivations 
of Te; the generators of act by the formula 5jUk = iUk if j = k, SjUk = 
if j ^ k. An action of ten-dimensional commutative algebra L on Tg is defined 
by means of an arbitrary surjective linear map of X = onto = i?". 
Corresponding connections can be identified with the solutions to Eqn (3.14) of 
[!]• 

One can modify the functional (26) replacing Fa/jwith Fafj + (f^ff ' 1 where 
is an antisymmetric 2-form on L. We obtain a functional 

J = ^ Tr(F„^ + • 1)2 + 2 ^ Tr *T«. [V„, (27) 

a,f3 

that also was considered in [1]. 

The functional (27) depends on the following data (in the case A = Tg). 

a) symmetric bilinear form g^p on L = _R^° that determines an inner product 
on L (we work in orthonormal basis, therefore gaf3 = Safs)', 

b) antisymmetric bilinear form on i = R^^; 

c) antisymmetric bilinear form O^p on i?", specifying the algebra Tg; 

d) surjective map 6 : L = Lg = i?"; 

e) Tg-module E. 

We will show that using Morita equivalence we can transform this set of data 
into another set of data giving a physically equivalent functional (27). 

Our starting point will be an {A, j4)-equivalence bimodule P, i.e. a bimodule 
that gives Morita equivalence between A = Tg and A = Tg. (Our consideration 
is valid not only for tori, therefore we prefer to use more general notations. )We 
will assume that there exists a constant curvature connection on P, consid- 
ered as a left A-module. In other words, we require that 

V$(aO=aV5^+(<5xa)-e, (28) 

[Vj.V^] =axF-l (29) 

Here G P,a E A, X E L.Sx stands for the action of L on A, axY is an 
antisymmetric bilinear form on L. Wc impose a condition 

V$(Ca) = (V:^e)« + e^xa, (30) 
where £, E P,a E A. This means that V^^ is also a connection in the right 
A-module P for an appropriate definition of an action dx of L on A. (Talking 
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about an action of commutative Lie algebra L on ^ = T^i and on A = we 
will have in mind homomorphisms S and S from L into Lg and respectively; 
we assume that these homomorphisms are surjective.) 

We will say that the {A, A)-module P satisfying the conditions above deter- 
mines complete Morita equivalence between A and A . It is easy to check that 
the bimodule Pr,r* constructed above determines complete Morita equivalence 
between Tg and T^. 

Recall, that using the {A, j4)-modulc P we can construct a one-to-one cor- 
respondence between right A-modulcs and right A-modules by the formula 
E = E^aP- 

If Vx is a connection in the right A- module E (i.e. it obeys (6)) we can 
consider Vx = Vx (8) 1 -|- 1 (8) as on operator on E. (One can obtain 
E = E P from E ®c P means of identification <S> t] ~ ^ ® ar]. It is 
clear that Vx acts on E ®c P', to verify that Vx acts on E we should check 
the compatibility with this identification.) 

Using (30) we check, that Vx is a connection in the right yl-module E. Let 
us calculate its curvature F^y — Pxy- Notice that the curvature Fxv = F^y 
of the connection Vx for fixed X,Y £ L can be considered as an endomorphism 
of E; therefore we can construct the corresponding endomorphism Fxy of E. 
It is easy to see that 

F^y = Fxy + (txy-1 (31) 

This follows from the remark that considering Vx as an operator on E (^c P 
we obtain 

[^x,Vy]=Fxy+<Jxy-1 (32) 

Both terms in the RHS of (32) induce operators on E = E 0^ P; we im- 
mediately obtain (31) from (32) and the definition of F^y. The formula (31) 
permits us to derive some important statements. We see first of all that in the 
case when the connection Vx has constant curvature the corresponding connec- 
tion Vx also has constant curvature. (It equals to {fxY + ctxy) ■ 1, where fxY 
stands for the curvature of Vx-) In other words, if Vx determines a BPS state 
having maximal supersymmetry, then Vx has the same property. Analogous 
statement is true for BPS states having less supersymmetries. Recall that Vx 
determines a BPS state if one can find spinors e, e obeying 

sT"'^F^0 + e' -1 = (33) 
It follows from (31) that then 

sT°'''^F^^ + e" • 1 = (34) 

where e" = e — eV^-^aafi- We see that Vx determines a BPS state having the 
same number of supersymmetries as Vx- 
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Now wc can represent the action functional J defined on the space Conn 
X (End^i?® 5*) as an action functional J defined on the space Conn x (End^i?® 
S), where Conn stands for the space of connections on A-module that are de- 
fined by means of the action 5x of i on A. Expressing J in terms of connections 
Vjc and endomorphisms corresponding to and we obtain 

J = Y^MKp + {^^p - a^p) -If + Y. Tr$Tg.[V„, $^]. (35) 

To be sure that the theory based on the consideration of the action functional J 
is equivalent to the theory based on J we should check that the correspondence 
Conn— > Conn we constructed is bijective. The proof is based on the construction 
of the inverse map Conn ^Conn. Recall that to prove bijectivity of map E 
E = E P we used an {A, ^)-equivalence bimodule P. Here we use the same 
bimodule equipped with a connection Va defined by the formula 

Va(t:j) = (VqW). 

The fact, that E = E^j^T follows from the remark that P®^ P = ^ as {A, A)- 
bimodule. To prove similar fact for connections we notice that the operator 
Va i8) 1 + 1 (8) Vq on P (8)c P induces operator 5a on A = P (g)^ P. To check this 
we notice that the natural map of P®cP onto P®^P = A can be identified with 
inner product < •, ■ >a in P- Then the statement we need follows immediately 
from the assumption that Va is a Hermitian connection. 

5 Detailed analysis of toroidal compactifications. 

Let us give a detailed analysis of the above constructions for the case when A is a 
noncommutative torus Tq. It is shown in [3] that is Morita equivalent to Te if 

9 = g9 where g G SO{n, n|Z), i.e. g is a matrix of the form (10) having integral 
entries and unit determinant and obeying (11). (The definition of the action of 
5'0(n, r?,|Z) on a dense subset of the space of antisymmetric matrices is given 
by the formula(9) .) It is easy to check that the proof of Morita equivalence 
in [3] gives complete Morita equivalence Tg ~ Tgg in the sense of present paper 
(the (Tf), Tge)-cquivalence bimodule constructed in [3] can be represented as a 
bimodule Pr,r* for appropriate choice of lattices F, F* C GxG* and therefore it 
can be equipped with a connection obeying the conditions we imposed). We will 
prove that, conversely, if the noncommutative is completely Morita equivalent 
to the torus T$ then 9 and 9 belong to the same orbit of the group SO{n,n\Z). 
In other words, we will see that Tg is completely Morita equivalent to Tg if and 
only if 9 = g9 for some g G SO{n, n|Z). 

We will give also an explicit description of the correspondence between pro- 
jective modules over Tg and projective modules over T^. 

We will start with formulation of some well known results. Notice that the 
Lie algebra Lg of derivations of Tg can be considered as a Lie algebra of a 
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Lie group Le of automorphisms of Tg. The Lie group Lg is a torus that can 
be identified with Lg/D, where D = Z" is a lattice in Lg. One can consider 
an element of Lg as a row (Ai,...,A„) where |Ai| = 1; such a row acts on Tg 
transforming Uj into \jUj, where Uj arc generators of Tg. Then D can be 
regarded as a lattice generated by ej = 2-K6j G Lg where 5jUk = iUk for 
j = k,6jUk = for j ^ k. Let us denote by the Grassmann algebra A( Lg). 
An element of can be considered as a formal linear combination 

^ = T.T./^''-''^n-ej, (36) 

k 31 ■■■jk 

where G C is antisymmetric with respect to Requiring that 

(jj3i---3k (35^ be integers we single out a subring A(£') C A{Lg). Similarly, 
using the lattice D* c L* that is dual the lattice D c L we define the "integral 
part" A{D*) oi T* ~ A{L*). One can identify the group Ko{Tg) with even part 
A^^{D*) of A{L*) (the ring A{D*) inherits Z2-grading from A(L|); we define 
its even part with respect to this grading). Recall that to define Ko{A) one 
should apply the Grothendicck construction to the semigroup of equivalence 
classes of projective A-modules with respect to direct sum. (In other words 
we consider formal differences Ei — E2 where Ei , E2 are projective ^-modules 
and identify (Ei — E2) + E2 with Ei, see Appendix for more information about 
Kq.) In particular, every projective A-module E determines an element iJt{E) e 
Ko{A)\ the set Kq{A) of elements of -K'o(^) that can be obtained this way is 
by definition the positive cone in Kf) {A) . In the case A = Tg and 6 is irrational 
(i.e. at least one entry of the matrix is irrational) one can prove that two non- 
equivalent projective ^-modules determine different elements of Ko{E); this 
permits us to identify a projective A-module with its representative n = Ijl{E) G 
K+{A). 

The Chern character ch £J of a projective ^-module E is defined by the 
formula 

ch^ = f (e^/2.'0 = y \t{F'') ■ — ^ (37) 

n=0 ^ ' 

where is a curvature of an arbitrary connection on E. Recall that to define a 
connection we fixed a homomorphism (5 of a Lie algebra L into the Lie algebra 
of derivations of A. Then the curvature F can be considered as a two-form on 
L taking values in the algebra A =End^i? and F" is a 2n-form taking values 
in A® ... ® A. We assume that the algebra A is equipped with a trace r; as we 
mentioned already then we can define a trace r on A and therefore on A^ ...i^A. 
The formula (37) determines the Chern character ch(_E) as an inhomogeneous 
form on L (i.e. as an element of the Grassmann algebra J-* — A{L*) that is 
dual to = A(L). (Notice that the definition of connection that we use is a 
particular case of more general definition that we do not need. In this general 
definition the Chern character takes values in cyclic homology of A.) 

If A is a noncommutative torus Tg one can consider the matrix ^ as a 2-form 
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on L = Lff, i.e. as an element of ^ G ^i^)- Then one can prove the formula : 

chE = e^j/i{E), (38) 

where j stands for the operation of contraction. It is convenient to consider 
elements JT* = A{L*) as fimctions of anticommuting variables a^, ...,a". Then 
one can write the formula (38) in the form 

chE = ei'"'^'"''^fj,{E) (39) 

where bj stands for the derivative with respect anticommuting variable . One 
can consider J-* also as a fermionic Fock space where bi, play the role of 
annihilation operators, and operators oMefined by means of multiplication by 
a* play the role of creation operators. (The operators a*,6i satisfy canonical 
anticommutation relations [6^, a^]+ = i5^, [a^ , a'^]+ = [bj, bk]^ =0 

Let us fix complete Morita equivalence between A = Tg and A = T^. We 
will study the relation between /x = ijl{E) and /i = niE) where A-module E 
corresponds to the A-module E. Recall, that for every connection V in we 
constructed a connection V in £J and that the curvatures of V and V are related 
by the formula (31). It follows from (37), (31) that 

ch = r exp ( a*^ F.^ ) (40) 

QhE = Texp{—a''FZa^) = 6^"'*''=^"' chE (41) 

where we identified Lg and with R" in the way that was used in (31). Ap- 
plying (39), (40), (41) we relate n and Ji in the following way: 

M = ViV2V3Viii (42) 

where 



Vif = expi--bke'bj)f (43) 
V2f = exp(;^aVfeja^)./ = exp(-^aVfcja^')/ (44) 



1 , 

2 

2^"V.,-^)./ = exp(^.. 

Vsf = f{Aa) (45) 

V4f = eMlhe'''bj)f (46) 

The operators Vi and V4 relate 'jl and ch{E),^ and ch{E), the operator V2 
relates ch(£') and ch(i?) and the operator V3 should be included to take into 
account that (31) is correct only for special identification of Lg and Lg. It 
is easy to check that the operators Vk can be considered as linear canonical 
transformations. Recall that the operator V acting on the Fock space is a linear 
canonical transformation if 

Fa'^y-i = A']a^ + B^^bj (47) 
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VbkV-^ = Ckja' + Dibj (48) 

or in matrix notations 

VaV-'^ =Aa + Bb (49) 
VbV-'^ = Ca + Db (50) 
It is easy to check that the 2n x 2n matr ices 

belong to the group 0{n,n\C) i.e. they obey (11). The matrix V determines 
the operator F up to a constant factor, therefore the group of linear canonical 
transformations can be identified with 0{n,n\C) x C*. It is easy to calculate 
that 



1 j'^^-y^ij^'^-yo (^*)-i ; ' - \, i 

(52) 

Here $ stands for the matrix (27ri) ^<fikj- these matrices belong to 
SO{n,n\K); hence their product belongs to the same group. The operator 
W = V1V2V3V4 transforms the integral lattice A^"(£)*) into itself; this means 
that W = ViVzVaVi belongs to SO{n,n\Z). We see that 

A-d<l>A Ae-0i^AO + {A')-')\_[ M N\ 
^ -\^A ^Ae + {A*)-' S ) ^^'^> 

where M, N, R, S are matrices with integral entries, 

M*R + R*M = N*S + S*N = 0, M*S + R*N = 1. (54) 
We conclude from (53) that 

<^A = R,A = eR + M,{A*)-'^ = S-Re (55) 
One can use these formulas to relate 9 and 9 : 

0R + fi)-{S* + eR*) = l. (56) 
Another relation between and is 

N = {M + 0R)e - 0S. (57) 
Using (54) one can check that (56) and (57) are equivalent. We see that 

= {-M9 + N){R9 - (58) 

and therefore 9 = g0 where g G SO{n,n\Z). We obtain that complete Morita 
equivalence of noncommutative tori is always of the kind described in [3]. 
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Let us consider a fibration having the space of irrational antisymmetric nxn 
matrices as a base and a group Ko{Te) as a fiber. It follows from the results we 
mentioned that the set of all modules over Tg with irrational 6 is embedded in 
total space of this fibration. Let us consider a curve in the base connecting with 
gO where g G SO{n, n\1,) .It is easy to check that the monodromy transformation 
corresponding to this curve connects physically equivalent modules. The proof 
is based on a remark that for any curve the monodromy can be considered as a 
linear canonical transformation if the group Kq{T0) is identified with a lattice 
in the Fock space J^* . 



6 Examples. 

Let us illustrate the above calculation on the example when n = 2k and M = 
S = 0, N = R = 1. Then we get Morita equivalence of the tori Ag and Ag-i. 
The operator W transforming /x into 'p, obeys Wa^W~^ = bi and WbiW~^ = 
a' (i.e. it interchanges creation and annihilation operators), li ji = n{E) = 
EfeEil...^,,A^^l. then /i = ^l{E) = W^= J2iJ2i*l^)h...jia^^-0!^'- In 
the case n = 2 the operator W transforms fj.= p + q(x^o? into '{1 = —q — pa^a^. 
Corresponding Chern characters are 

ch = e^'^i^'V = (j3 - gei) + ga^a^ (59) 
^ = e<^-'bib2-^ ^ ^ p0-i^ ^ pa^a"^. (60) 

We sec that dimensions of modules E and E are equal to dim E = p — q9 
and dimiJ = —q + p9~^ = ■ dimi? correspondingly. 

Every projective module over two-dimensional noncommutative torus can be 
equipped with a constant curvature connection. One can calculate its curvature 
F using (37) and (58). We get 

F = 2m ^ ^ a'o? (61) 
p — qv 

F = 2m^^a^a^ (62) 
p — qO 

for modules E and E respectively. Using (55) we see that A = 0~^, ^ = 0. Hence 
if F is obtained from F by means of the change of variables a = A - a = ■ a 
we should have F + 2m ■ 9 = F. This is true: 

-JL_0^ + e = ^^ (63) 

P - qO p — q" 



In the case n = 4 the operator W transforms n = p + ^q^a^a^ + sa^a^a^a^ 
}'fl = s + ^{*q)ija^a^ + pa^a^a^a'^. Corresponding Chern characters are 

ch = p + ^ti 0q + S0 + ^{q + *0s)ija'a^ + sa^a'^a^a'^ (64) 
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ch = 5 + ^tr 6>~^(*g) +p ((9~^) + l{*q + *{0~'^)p)ija'a^ +pa^a^a^a^ (65) 

Here 6 stands for the Pfaffian of 9 (i.e. 9^ = det 0ij), {0~^) = (^~^ We 
obtain from (64), (65) that dim£' = (dimE) ■ 6~^. If there exists a constant 

curvature connection in E, then there exists such a connection in E and corre- 
sponding curvatures up to a factor 27ri can be identified with matrices 

^ ^ q+{*d)s p ^ *q + *{0~^)P .gg^ 
dim£; ' dim^ 

Taking into account that A = 0~^,^ = 6 we can represent the relation (31) 
in the form 

-eFe + e = F (67) 

One can check (67) directly using a non-trivial identify 

-0qe + ^0TT0q = *qe (68) 
that is valid for all antisymmetric 4x4 matrices 9, q. 



7 Relation to BFSS M(atrix) model. 

Let us study more thoroughly the action functional (27) in the case when there 
exists a constant curvature connection Vq, in ^-module E. Then any other 
connection can be represented as Va+Xa where^Xa G End^E and its curvature 
can be written in the form = fap ■ 1 + SaXp — SpX^ + {Xa,Xp]. where 
fafi stands for the curvature of Vq, and SaX is defined as [Va,X]. We can 
consider (27) as a functional depending on X^ G EndAE,a — 1,...,10, and 
e nEndAE,i = 1, 16; it is equal to 

J = ^Tr(jQX^-^^Xa+[X„,X^] + (/a/3+^«^)-l)2+2^Tr*T,"^-(5a*H[XQ, *^]). 

(69) 

We used orthonormal coordinate system in L in the expression for J. It 
is easy to rewrite this expression in arbitrary coordinate system by means of 
relations X^ = e'^Xa,Xa = e^Xa,Sa = e%SaSa = e"Sa- In the case when 
End^i? can be identified with n-dimcnsional noncommntative torus Tp we can 
consider elements of End^i? as functions on (commutative) torus L*/D*; then 
for appropriate choice of coordinate systems on L and on Lp we can identify 
5a for 1 < a < n with partial derivatives and assume that Sa = for 
a > n. (We denote coordinates on L*/D* by cr^, a".) The same is correct 
if End^-B is an algebra of N x N matrices with entries from Tp. Similar result 
can be proved also in general case . ( It follows from well known results that 
for modules considered in Sec. 3 End^-E can be represented as an algebra of 
functions on finitely generated abelian group with multiplication rule (15) where 
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"dxY is a bicharactcr.) Let us write down the expression for the functional J in 
the latter case restricting ourselves to the bosonic part of J for simplicity. 

J6o, = ^TVF„6F«^ (70) 

a, 6 

Fab = g^Xb - + [Xa, + + <^„;,) • 1 for 1 < a, 6 < n, (71) 

Fah = -^Xb + [Xa, Xb] + (fab + fab) • 1 for 1 < a < 71, 6 > n, (72) 

Fab = [Xa, Xb] + (fab + fab) ■ I foT a > U, b > U. (73) 

Tr stands for composition of matrix trace tr and integration over a^, ...,(t" 
(i.e. TrR = tr i?(a^, cr")(i"(7). In (70) we raise indices by means of 

metric tensor gab = e"e". We can replace this Euclidean metric tensor with 
metric tensor having Lorentzian signature (i.e. perform "Wick rotation ") . 
This corresponds to consideraton of compactification of BFSS M(atrix) model. 

We have proven that Morita equivalence gives us equivalence between toroidal 
compactifications of IKKT M(atrix) model. It is clear that performing corre- 
sponding Wick rotations we obtain equivalent compactifications of BFSS model. 
We will analyze this equivalence thoroughly in a forthcoming paper [10] . 

APPENDIX 

Let us start with the following general observation about supermatrix mod- 
els. We consider an action functional of the form 

defined on a set of matrices X" , 1 < a < c. We consider X" as matrices 
of (even or odd) Hcrmitian operators acting in the space C^'^; in other words 
they are {K\L) x (iC|L)-matrices. Corresponding partition function Z is defined 
by means of integration of exp(— S') over all Hermitian matrices. Then it is easy 
to check that Z depends only on the difference N = K — L. One of the ways to 
prove this fact is to apply the standard representation of Z in terms of a sum 
over all ribbon graphs. The size of the matrix enters in this representation only 
as Trl = K - L. 

Now we can consider toroidal compactifications of IKKT or BFSS matrix 
models taking into account the above remark. It was shown in [1] that such 
compactifications arc related to connections in projective modules over com- 
mutative or non-commutative torus. More precisely, the equations arising in 
compactification problem cannot be solved by means of finite-dimensional ma- 
trices, but can be solved in terms of Hcrmitian operators in Hilbcrt spaces with 
action of (noncommutative) torus. These infinite-dimensional solutions can be 
used to obtain approximate finite-dimensional solutions. Now we see that we 
can work with the same success in Z2-gradcd Hilbcrt spaces. Then the approx- 
imate finite-dimensional solutions are supermatrices, but we have seen that the 
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matrix model based on {K\L) x {K\L) supermatrices is equivalent to theory 
based on {K — L) x [K — L) matrices. 

Let us remark now that the theory of Z2-graded projective modules is closely 
related to if-theory. The group Kq{A) where A is an associative algebra, can 
be define as a group of Z2-graded projective modules with equivalence relation 
E © HE ^ 0. (Here 11 stand for parity reversion. The operation in Kq{A) 
is defined as direct sum; the equivalence relation E © HE ^ permits us to 
identify element —E with HE.) One can relate i^-theory also to the theory of 
differential Z2-graded projective modules, i.e.Z2-graded modules equipped with 
an odd ( parity reversing) A -linear map Q, obeying = .We can say that 
a Z2-graded module 8 determines zero element of the group Kq{A) iff one can 
introduce a parity reversing differential Q on f in such a way that 



ImQ = Kerg (74) 

(i.e. Q has trivial homology) and ImQ is a direct summand in £. (In this case 
we can write that £ = E (B ImQ; the map Q identifies ImQ and HE.) 
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